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Non-existence of expansion-free dynamical stars with rotation and spatial twist
Abbas Sherif,∗ Rituparno Goswami,† and Sunil Maharaj‡
Astrophysics and Cosmology Research Unit, School of Mathematics,
Statistics and Computer Science, University of KwaZulu-Natal,
Private Bag X54001, Durban 4000, South Africa
Extending a previous work by the same authors, we investigate the existence of expansion-free
dynamical stars with non-zero spatial twist and rotation and show that such stars cannot exist.
Firstly, it is shown that a rotating expansion-free dynamical star with zero twist cannot exist. This
is due to the fact that such stars cannot radiate and they are shear-free, in which case the energy
density ρ is time independent. Secondly, we prove that a non-rotating expansion-free dynamical star
with non-zero spatial twist also cannot exist, as either the strong energy condition must be violated,
i.e. ρ + 3p < 0, or the star must be shear-free in which case the star is static (Θ = Ω = Σ = 0).
Finally, if we insist that the rotation and spatial twist are simultaneously non-zero, then the star
cannot be shear-free in which case we obtain a quadratic polynomial equation in φ and Σ with no
real solutions. Therefore such stars cannot exist.
PACS numbers:
I. INTRODUCTION
Models of radiating stars in general relativity play a
central role in the study of gravitational collapse and
the astrophysics of gravitating bodies. Physically rele-
vant exact models were obtained by Tewari and Charan
[1], Tewari [2], and Ivanov [3–5]. These examples pro-
vide interesting insights into the processes involved dur-
ing stellar evolution. It has also been anisotrophy and
dissipative effects during gravitational collapse have in-
fluence on the collapse rate and temperature profiles in
radiating stars by Reddy et al. [6]. There are classes of
exact solutions to the Einstein’s field equations (EFEs)
obtained, referred to as Euclidean stars, which have been
shown to regain Newtonian stars within the appropriate
limit [7–9]. In recent years the method of Lie analy-
sis of differential equations using symmetry invariance
has proved an invaluable and systematic tool in obtain-
ing general categories of exact solutions to the boundary
condition of radiating stellar objects [10–12]. There is
an important class of radiating stars that has been in-
troduced by Herrera et al. [13] which are expansion-free.
Expansion-free dynamical models implies the existence
of a cavity or void. One important feature of expansion-
free models is that matter distributions with a vanishing
expansion scalar have to be inhomogeneous. These phys-
ical features should have important astrophysical con-
sequences for spherically symmetric distributions. Also,
such radiating astrophysical model might offer a plausible
explanation into the existence of voids that have been ob-
served on the cosmological scales. Various authors have
explored expansion-free dynamical models with different
considerations. Some of the studies containing the de-
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scription of physical properties of expansion-free dynam-
ical radiating stars can be found in several works [14–
16]. The peak in interest in these models laid in the
fact that in such models is the possibility that they could
help explain the existence of voids on cosmological scales.
In 2008, Herrera and co-authors [13] studied such mod-
els with non-zero shear and showed that the appearance
of a cavity (see reference [17] for more discussion), with
matter which is anisotropic and dissipative, undergoing
explosion is inevitable. The same authors followed this
result by a 2009 paper in [18] in which they ruled out the
Skripkin expansion-free dynamcal model (see reference
[19]) with constant energy density and isotropic pres-
sure. Another study in [20] involved the study of models
collapsing adiabatically, and showed that the instability
was independent of the star’s stiffness. In particular, it
was shown that the instability is entirely governed by the
pressures and the radial profile of the energy density. In
a recent work by Sherif et al. [21] the authors employed,
for the first time, the 1+1+2 formalism (a semitetrad co-
variant method for anlyzing the field equations) to study
the properties of expansion free models. With emphasis
on non-rotating and non-twisting stars the authors found
that a necessary condition for the existence of such stars
is that the star simultaneously accelerate and radiate. It
was also shown in the same paper that these stars must
possess a conformally flat geometry.
In this paper we study the required geometric and ther-
modynamic properties for the existence of a relativistic
expansion-free dynamical star with at least the rotation
or spatial twist being non-zero. This analysis falls in
the scope of stability analysis of self-gravitating systems
(some of the references are given in [22–26]). Our ap-
proach will be to fix either of the rotation or the spatial
twist to zero and see whether indeed expansion-free dy-
namical models of such stars can exist. In particular
we would like to know the restrictions that the addition
of spatial twist or/and rotation induces on the geomet-
ric and matter quanties such as acceleration, heat flux,
2e.t.c. As with our previous work [21], we will make use
of the equivalent forms of the field equations from the
1+1+2 semi-tetrad covariant formulation of general rel-
ativity [27–32]. The semi-tetrad formalism has proven to
be an extremely useful approach in displaying geometri-
cal features in a transparent fashion which are generally
very difficult to find using other approaches.
In section II we briefly introduce the 1 + 1 + 2 semi-
tetrad formalism and provide a definition of locally rota-
tionally symmetric (LRS) spacetimes. In section III we
present the results of the paper, a complete analysis of
the expansion-free model with rotation and spatial twist.
We conclude with a discussion of the results in section
IV.
II. LOCALLY ROTATIONALLY SYMMETRIC
SPACETIMES AND ITS 1 + 1 + 2 SEMITETRAD
SPLITTING
We provide some background material in this section,
covering the 1 + 1 + 2 semi-tetrad covariant formalism
as well as notes on and calculations of useful quantities,
utilized in this paper.
Stellar models that are rotating and twisting can be
studied using the models of spacetimes known as locally
rotationally symmetric spacetimes [33, 34]. As such we
will use this model here to investigate expansion free-
dynamical stars that are either rotating or possessing
spatial twist or both. We start by explicitly defining
LRS spacetimes.
Definition II.1 A locally rotationally symmetric
(LRS) spacetime is a spacetime in which at each point
p ∈ M , there exists a continuous isotropy group gener-
ating a multiply transitive isometry group on M [34–39].
The general metric of LRS spacetimes is given by
ds2 = −A2dt2 +B2dχ2 + F 2dy2
+
[(
FD¯
)2
+ (Bh)
2
− (Ag)
2
]
dz2
+
(
A2gdt−B2hdχ
)
dz,
(1)
where A2, B2, F 2 are functions of t and χ, D¯2 is a func-
tion of y and k (k fixes the geometry of the 2-surfaces),
and g, h are functions of y.
In the limiting case that g = h = 0 we recover the well
known spherically symmetric LRS II class of spacetimes
which generalizes spherically symmetric solutions to Ein-
stein field equations (EFEs). These spacetimes with van-
ishing rotation and spatial twist was employed in [21] to
study expansion-free and dynamic stellar models. LRS
spacetimes, a generalization of LRS II spacetimes, on the
other hand include solutions with nonzero vorticity and
nonzero spatial twist. Some of these solutions include
the Go¨del’s world model, the Kantowski-Sachs models
and the Bianchi models, invariant under the G3 groups
of types I, II, VIII and IX (see for example the refer-
ence [40]). In fact the Go¨del’s world model, a famous
albeit unphysical solution to the field equations [], is an
expansion-free model that is rotating with zero spatial
twist. Properties of such expansion-free dynamical stars
will be investigated in section IIIA and properties nec-
essary for their existence will be determined.
Let us next introduce the 1 + 1 + 2 covariant splitting
of spacetime and the resulting fields equations for LRS
spacetimes, as well as derivatives of the unit vector fields
[29, 32].
To start with, let (M, gab) be a spacetime manifold,
with associated metric tensor gab. To any timelike con-
gruence of an observer we may associate a unit vec-
tor field ua tangent to the congruence which satisfies
uaua = −1. One may then split M as follows: Given
any 4-vector Ua in the spacetime, the projection tensor
h ba ≡ g
b
a + uau
b, projects Ua onto the 3-space as
Ua = Uua + U 〈a〉,
where U is the scalar along ua and U 〈a〉 is the projected
3-vector [41]. The splitting splits gab into components
associated with the ua and spatial directions. This nat-
urally gives rise to two derivatives:
• The covariant time derivative (or simply the
dot derivative) along the observers’ congruence.
Given any tensor Sa..bc..d, we have S˙
a..b
c..d ≡
ue∇eS
a..b
c..d.
• Fully orthogonally projected covariant derivative
D with the tensor hab, with the total projec-
tion carried out on all the free indices. Given
any tensor Sa..bc..d, we have DeS
a..b
c..d ≡
hafh
p
c...h
b
gh
q
dh
r
e∇rS
f..g
p..q.
This 1+3 splitting of the spacetime irreducibly splits the
covariant derivative of ua as
∇aub = −Aaub +
1
3
habΘ+ σab. (2)
In (2), the vector Aa = u˙a is the acceleration vector,
Θ ≡ Dau
a - the trace of the fully orthogonally pro-
jected covariant derivative of ua - is the expansion and
σab = D〈bua〉 is the shear tensor (wherever used in this
paper, angle brackets will denote the projected symmet-
ric trace-free part of the tensor). In the particular case of
LRS spacetimes, all vector and tensor quantities vanish
identically (see reference [29] for details).
The splitting further allows for the energy momentum
tensor to be decomposed as
Tab = ρuaub + 2q(aub) + phab + piab, (3)
where ρ ≡ Tabu
aub is the energy density, qa = −h
c
a Tcdu
d
is the 3-vector defining the heat flux, p ≡ (1/3)habTab
is the isotropic pressure and piab is the anisotropic stress
tensor.
3If there is a preferred unit normal spatial direction ea
which is the case with LRS II spacetimes, the metric gab
can be split into terms along the ua and ea directions
(the vector field ea splits the 3-space), as well as on the
2-surface, i.e.
gab = Nab − uaub + eaeb, (4)
where the projection tensor Nab projects any two vector
orthogonal to ua and ea onto the 2-surface defined by
the sheet (N aa = 2, u
aNab = 0, e
aNab = 0), and e
a is
defined such that eaea = 1 and it is orthogonal to u
a,
i.e. uaea = 0. This is referred to as the 1 + 1 + 2 split-
ting. This splitting of the spacetime additionally gives
rise to the splitting of the covariant derivatives along the
ea direction and on the 2-surface:
• The hat derivative is the spatial derivative along
the vector field ea: Given a 3-tensor ψ c..da..b , we
have ψˆ c..da..b ≡ e
fDfψ
c..d
a..b .
• The delta derivative is the projected spatial deriva-
tive on the 2-sheet (projection by the tensor N ba ),
and the projection is carried out on all the free
indices: Given any 3-tensor ψ c..da..b , we have
δeψ
c..d
a..b ≡ N
f
a ..N
g
b N
c
h ..N
d
i N
j
e Djψ
h..i
f..g .
The complete set of 1 + 1 + 2 covariant scalars fully
describing the LRS class of spacetimes are [29]
{A,Θ, φ,Σ, E ,H, ρ, p,Π, Q,Ω, ξ}.
The quantity φ ≡ δae
a is the sheet expansion, Σ ≡
σabe
aeb is the scalar associated with the shear tensor
σab, E ≡ Eabe
aeb is the scalar associated with the elec-
tric part of the Weyl tensor Eab, H ≡ Habe
aeb is the
scalar associated with the magnetic part of the Weyl ten-
sor Hab, Π ≡ piabe
aeb is the anisotropic stress scalar,
Q ≡ −eaTabu
b = qae
a is the scalar associated to the heat
flux vector qa. The quantities ξ and Ω are the spatial
twist and rotation scalar respectively, which are defined
by ξ = (1/2) εabδaeb (where εab ≡ εabce
c = udηdabcde
c
is the levi civita 2-tensor, the volume element of the 2-
surface) and Ω = eaωa (where ω
a = Ωea + Ωa is the
rotation vector, with Ωa being the sheet component of
ωa).
The full covariant derivatives of the vector fields ua
and ea are given by [29]
∇aub = −Auaeb + eaeb
(
1
3
Θ + Σ
)
(5a)
+Nab
(
1
3
Θ−
1
2
Σ
)
, (5b)
∇aeb = −Auaub +
(
1
3
Θ + Σ
)
eaub +
1
2
φNab. (5c)
We also note the useful expression
uˆa =
(
1
3
Θ + Σ
)
ea. (6)
Any given scalar ψ satisfies the commutation relation
ˆ˙
ψ −
ˆ˙
ψ = −Aψ˙ +
(
1
3
Θ + Σ
)
ψˆ. (7)
We will utilize this relation throughout this work when
seeking constraint equations. The field equations for LRS
spacetimes are given as propagation and evolution of the
covariant scalars [29]:
• Evolution
2
3
Θ˙− Σ˙ = Aφ−
1
2
(
2
3
Θ− Σ
)2
− 2Ω2 + E −
1
2
Π
−
1
3
(ρ+ 3p) , (8a)
φ˙ =
(
2
3
Θ− Σ
)(
A−
1
2
φ
)
+ 2ξΩ+Q,
(8b)
ξ˙ = −
1
2
(
2
3
Θ− Σ
)
ξ +
(
A−
1
2
φ
)
Ω, (8c)
Ω˙ = Aξ −
(
2
3
Θ− Σ
)
Ω, (8d)
H˙ = −3ξE −
3
2
(
2
3
Θ− Σ
)
H +ΩQ, (8e)
E˙ −
1
3
ρ˙+
1
2
Π˙ = −
(
2
3
Θ− Σ
)(
3
2
E +
1
4
Π
)
+
1
2
φQ
+ 3ξH+
1
2
(
2
3
Θ− Σ
)
(ρ+ p) , (8f)
• Propagation
2
3
Θˆ− Σˆ =
3
2
φΣ + 2ξΩ+Q, (9a)
φˆ = −
1
2
φ2 +
(
1
3
Θ + Σ
)(
2
3
Θ− Σ
)
+ 2ξ2
−
2
3
ρ− E −
1
2
Π, (9b)
ξˆ = −φξ +
(
1
3
Θ + Σ
)
Ω, (9c)
Ωˆ = (A− φ)Ω, (9d)
Hˆ = −
(
3E + ρ+ p−
1
2
Π
)
Ω− 3φH
−Qξ, (9e)
Eˆ −
1
3
ρˆ+
1
2
Πˆ = −
3
2
φ
(
E +
1
2
Π
)
−
1
2
(
2
3
Θ− Σ
)
Q
+ 3ΩH (9f)
4• Evolution/Propagation
Aˆ− Θ˙ = − (A+ φ)A−
1
3
Θ2 +
3
2
Σ2 − 2Ω2
+
1
2
(ρ+ 3p) , (10a)
ρ˙+ Qˆ = −Θ(ρ+ p)− (2A+ φ)Q−
3
2
ΣΠ, (10b)
Q˙+ pˆ+ Πˆ = −
(
A+
3
2
φ
)
Π−
(
4
3
Θ + Σ
)
Q
− (ρ+ p)A, (10c)
• Constraint
H = 3Σξ − (2A− φ) Ω. (11)
Let us now analyze the expansion-free dynamical models
with rotation and spatial twist.
III. RESULTS
In [21] we considered expansion-free dynamical stars
that are non-rotating and non-twisting. It was shown
that the existence of such models requires the star to
simultaneously accelerate and radiate, in which case the
star is necessarily conformally flat. We consider here the
case in which at least either one of Ω or ξ is non-vanishing.
Thus we are considering the following three cases [34, 37,
38]:
1. ξ = 0;Ω 6= 0: These models fall under the class
of spacetimes known as LRS I spacetimes, with ea
hypersurface orthogonal and ua twisting. A well
know example is the Go¨del solution.
2. ξ 6= 0;Ω = 0: These models fall under the class of
spacetimes known as LRS III spacetimes, with ea
twisting and ua hypersurface orthogonal.
3. ξ 6= 0;Ω 6= 0: These models, investigated in [38],
have the property that the heat flux Q cannot be
zero and specific energy conditions are required to
be satisfied, i.e.
−
1
2
(ρ+ p+Π) < Q <
1
2
(ρ+ p+Π) . (12)
One therefore expects that an expansion-free dynamical
model to exist in models with ξ 6= 0 and Ω 6= 0. The
star being dynamical implies that all of the thermody-
namic quantities, including p, ρ,Π, Q e.t.c., are functions
of time.
A. Case 1: ξ = 0;Ω 6= 0
Let us start by considering the case of a rotating
expansion-free star with no spatial twist. From (9c) we
have
0 = ΣΩ. (13)
Since by assumption, Ω 6= 0, we must have Σ = 0. Fur-
thermore, from (8c) we obtain
0 =
(
A−
1
2
φ
)
Ω, (14)
which, from (11), gives H = 0, so that for such stars the
Weyl tensor is purely electric. Using (8e) one has
0 = ΩQ, (15)
from which we obtain Q = 0. Therefore the star is not
dynamical as the energy density is time independent, i.e.
ρ˙ = 0 from (10b). It is also not difficult to show that
such stars will necessarily accelerate. To see this, assume
A = 0. Then from (14), since by assumption Ω 6= 0 we
must have φ = 0 as well. From (8a), (9b), (9e) and (10a)
we obtain the constraints
0 = −2Ω2 + E −
1
3
(ρ+ 3p)−
1
2
Π, (16a)
0 = E +
2
3
ρ+
1
2
Π, (16b)
0 = 3E + ρ+ p−
1
2
Π, (16c)
0 = −2Ω2 +
1
2
(ρ+ 3p) . (16d)
Comparing (16b) and (16c) we obtain
0 = −ρ+ p− 2Π. (17)
Substituting (17) and (16b) into (16a) we obtain the con-
straint
0 = −2Ω2 −
1
2
(ρ+ 3p) , (18)
which upon comparing to (16d) gives
0 = ρ+ 3p. (19)
Therefore Ω = 0 (from either (16d) or (19)), which con-
tradicts the assumption that Ω 6= 0. Hence we have
A 6= 0. In summary,
Theorem III.1 There cannot exist an expansion-free
dynamical star with vanishing spatial twist and non-zero
rotation.
5Though these stars are not dynamical, we have enu-
merated several properties we expect such stars to have.
In particular, the star is shear-free and accelerates with-
out radiating.
B. Case 2: ξ 6= 0; Ω = 0
Next, we consider non-rotating expansion-free dynam-
ical stars with non-zero spatial twist. We state and prove
the following
Theorem III.2 There cannot exist an expansion-free
dynamical star with vanishing rotation and non-zero spa-
tial twist.
Proof To prove this, we will show that if such star is to
exist, then the star will either be static or it will violate
the strong energy condition (SEC). From (8d) we have
0 = Aξ, (20)
so we must have A = 0 since by assumption ξ 6= 0. Using
(10a) we have
Σ2 = −
1
3
(ρ+ 3p) . (21)
Thus for such a star to exist we must have ρ + 3p < 0,
except in the case that the star is shear-free, in which
case the star is static (Ω = Θ = Σ = 0).
In fact in this case we have shown that even the
expansion-free condition cannot hold, not only that it
is not dynamical.
C. Case 3: ξ 6= 0;Ω 6= 0
Finally, we consider the case of a simultaneously ro-
tating and twisting expansion-free dynamical star. We
start by taking the dot derivative of (8a) and the hat
derivative of (9a) and obtain respectively
− ˆ˙Σ = φAˆ+Aφˆ− Σσˆ − 4ΩΩˆ + Eˆ −
1
2
Πˆ−
1
3
ρˆ− pˆ
= −A2φ−
3
2
Aφ2 −A
(
2
3
ρ+ E +
1
2
Π
)
+ 3φΣ2
+ 2φΩ2 +
1
2
φ (ρ+ 3p) +
3
2
ΣQ+ 2ΩΣξ + 3ΩH
−
3
2
φ
(
E +
1
2
Π
)
−
(
pˆ+ Πˆ
)
, (22a)
−
˙ˆ
Σ =
3
2
Σφ˙+
3
2
φΣ˙ + 2Ωξ˙ + 2ξΩ˙ + Q˙
= −
3
2
AΣ2 +
3
2
φΣ2 + 6ΩΣξ +
3
2
ΣQ−
3
2
Aφ2
+ 2φΩ2 −
3
2
φE +
3
4
φΠ +
1
2
φ (ρ+ 3p) + 2AΩ2
+ 2Aξ2 + Q˙. (22b)
Taking the difference of (22a) and (22b) and using (10c)
we obtain
− ˆ˙Σ +
˙ˆ
Σ = −A2φ+
1
3
A (ρ+ 3p)−A
(
E −
1
2
Π
)
+
3
2
φΣ2 − 4ΩΣξ − 6AΩ2 +
1
2
AΣ2 +ΣQ
+ 3ΩH.
(23)
Using the commutation relation in (7) on Σ we have
− ˆ˙Σ +
˙ˆ
Σ = −AΣ˙ + ΣΣˆ
= −A2φ+
1
2
AΣ2 + 2AΩ2 −A
(
E −
1
2
Π
)
+
1
3
A (ρ+ 3p) +
3
2
φΣ2 + 2ΩΣξ +ΣQ.
(24)
Comparing (23) and (24) and using (11) we obtain the
constraint
(
14
3
A− φ
)
Ω = Σξ. (25)
6Now, taking the dot derivative of (8b) and the hat deriva-
tive of (9b) we obtain respectively
ˆ˙
φ = −ΣAˆ−AΣˆ +
1
2
Σφˆ+
1
2
φΣˆ + 2Ωξˆ + 2ξΩˆ + Qˆ
= A2Σ+
5
2
AφΣ − 2Σ3 + 4ΣΩ2 −
5
6
Σρ−
3
2
Σp
+ 4AΩξ − Σφ2 +Σξ2 +
1
2
(2A− φ)Q− 5φΩξ
−
1
2
ΣE −
1
4
ΣΠ + Qˆ, (26a)
˙ˆ
φ = −φφ˙− 2ΣΣ˙ + 4ξξ˙ −
2
3
ρ˙−
(
E˙ +
1
2
Π˙
)
= 3AφΣ− Σ3 −
1
2
Σφ2 − 4φΩξ −
3
2
φQ +
1
2
ΣE
− 4ΣΩ2 + 2Σξ2 −
5
4
ΣΠ+ 4AΩξ −
1
6
Σρ−
3
2
Σp
− 3ξH− ρ˙. (26b)
Taking the difference of (26a) and (26b) and using (10b)
we obtain
ˆ˙
φ−
˙ˆ
φ = A2Σ−
1
2
AφΣ− Σ3 + 8ΣΩ2 −
2
3
Σρ−
1
2
Σφ2
− Σξ2 −AQ − φΩξ − ΣE +ΣΠ+ 3ξH.
(27)
Using the commutation relation in (7) on φ we have
ˆ˙
φ−
˙ˆ
φ = −Aφ˙+Σφˆ
= A2Σ−
1
2
AφΣ− 2AΩξ −AQ −
1
2
Σφ2 − Σ3
+ 2Σξ2 −
2
3
Σρ− ΣE −
1
2
ΣΠ.
(28)
Comparing (27) and (28) and using (11) we obtain the
constraint
(9Σξ + φΩ− 5AΩ) ξ +
(
3
2
Π + 8Ω2
)
Σ = 0. (29)
Next, taking the dot derivative of (8c) and the hat deriva-
tive of (9c) we obtain respectively
ˆ˙
ξ =
1
2
ξΣˆ +
1
2
Σξˆ +Ω
(
Aˆ−
1
2
φˆ
)
+
(
A−
1
2
φ
)
Ωˆ
= −
5
4
φΣξ − 2Ωξ2 −
1
2
ξQ+
5
2
ΩΣ2 −
5
2
AφΩ
+
3
4
Ωφ2 − 2Ω3 +
5
6
Ωρ+
3
2
Ωp+
1
2
ΩE +
1
4
ΩΠ, (30a)
˙ˆ
ξ = −ξφ˙− φξ˙ +ΩΣ˙ + ΣΩ˙
= 2AΣξ − φΣξ − 2Ωξ2 − ξQ− 2AφΩ +
3
2
ΩΣ2
+
1
2
Ωφ2 + 2Ω3 − ΩE +
1
2
ΩΠ+
1
3
Ω (ρ+ 3p) . (30b)
Taking the difference of (30a) and (30b) we obtain
ˆ˙
ξ −
˙ˆ
ξ = −
1
4
φΣξ +
1
2
ξQ+ΩΣ2 −
1
2
AφΩ +
1
4
Ωφ2
− 4Ω3 +
1
2
Ω (ρ+ p) .
(31)
Using the commutation relation in (7) on ξ we have
ˆ˙ξ −
˙ˆ
ξ = −Aξ˙ +Σξˆ
= −
1
2
Σξ −A2Ω +
1
2
AφΩ− φΣξ +ΩΣ2.
(32)
Comparing (31) and (32) we obtain the constraint
(
A+
3
2
φ
)
Σξ +
(
2A2 +
1
2
φ2 + ρ+ p
)
Ω = ξQ. (33)
Let us now first prove the following proposition.
Proposition III.3 An expansion-free dynamical star
that is simultaneously rotating and twisting cannot be
shear-free, if it exists.
Proof Here we assume the existence of such stars and
show that if Σ = 0, then the weak energy condition
(WEC) must be violated. We start by assuming that
Σ = 0. Then from (25) we obtain (taking into account
that Ω 6= 0)
A =
3
14
φ, (34)
and therefore from (29) we have
−
1
14
φΩξ = 0. (35)
Since by assumption ξ 6= 0,Ω 6= 0 we must have φ = 0,
which implies A = 0 as well. Now, from (9a) and (33)
we have respectively
0 = 2ξΩ+Q, (36a)
(ρ+ p)Ω = ξQ. (36b)
Substituting (36a) into (36b) and again noting that Ω 6=
0 we obtain the energy condition
(ρ+ p) = −2ξ2, (37)
which gives (ρ+ p) < 0.
Finally, we state and prove the following
Theorem III.4 There cannot exist an expansion-free
dynamical star with both rotation and spatial twist non-
vanishing.
7Proof As has been shown in [38], any scalar ψ in LRS
spacetimes obtained via the 1+ 1+2 decomposition sat-
isfies the relation
ψ˙Ω = ψˆξ. (38)
Using (8c) and (9c) to substitute ξ˙ and ξˆ for ψ˙ and ψˆ
respectively in (38) we obtain
− (2A− φ)Ω = Σξ, (39)
which, upon comparing to (25) gives
φ =
10
3
A. (40)
Using (8d) and (9d) to substitute Ω˙ and Ωˆ for ψ˙ and ψˆ
respectively in (38) we obtain
−φξ = ΩΣ. (41)
Substituting (40) into (39) (or equivalently (25)) we ob-
tain
2
5
φΩ = Σξ. (42)
It is clear that φ 6= 0, for otherwise we would have A = 0
(from (40)), in which case from (25) (or alternatively
(39)) we would have ξ = 0 (we have already shown that
Σ 6= 0), contradicting the assumption that ξ 6= 0.
Now, multiply both (41) and (42) by Ω we obtain re-
spectively
−φΩξ = Ω2Σ, (43a)
2
5
φΩ2 = ΩξΣ, (43b)
which we can rewrite as
Ωξ = −
Ω2Σ
φ
, (44a)
Ωξ =
2
5
φΩ2
Σ
, (44b)
since φ 6= 0,Σ 6= 0. Equating (44a) and (44b) and sim-
plifying we obtain
(
2
5
φ2 +Σ2
)
Ω2 = 0. (45)
Since by assumption Ω 6= 0 we must have (2/5)φ2+Σ2 =
0, which is not possible over the set of real numbers R
for non-zero φ and Σ.
IV. DISCUSSION
A previous paper by the same authors [21] studied
expansion-free dynamical stars in the case that the rota-
tion and spatial twist are zero. It was shown that these
stars exist under the particular conditions that the stars
radiate and accelerate, and are conformally flat. As with
the case of [21] we have utilized the 1+1+2 semi-tetrad
covariant formalism to study such stars. In this paper,
we have shown that there cannot exist an expansion-free
dynamical star if at least one of the rotation or the spatial
twist is non-vanishing. In the case that the spatial twist is
zero and the star is rotating, the star can be expansion-
free but both the heat flux and the shear vanishes, in
which case the energy density is time independent. Thus
such expansion-free stars are not dynamical. If the rota-
tion is zero and the spatial twist is non-vanishing then the
star cannot be expansion-free, since for this to happen we
must have the star being static (in which case the star
is not dynamical) or the SEC must be violated. Lastly
it is shown that if we assume non-vanishing of both the
rotation and the spatial-twist then the shear cannot be
zero. Further analysis on the basis that the shear is non-
zero, using both the commutation relation and a result
relating the dot and hat derivatives of an arbitrary scalar
[38], show that this leads to a quadratic polynomial equa-
tion in φ and Σ with no real solution for non-zero φ and
Σ. This result, we think, is a valuable contribution to
the increasing literature on the expansion-free condition.
This result has also severely restricted the prevalence of
such stars.
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